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Basis in the Space of C°°-Functions on a
Graduated Sharp Cusp

By A.P. Goncharov and V.P. Zahariuta

ABSTRACT.  Using the basis in the space of Whitney functions £(K), where K C R is the closure of a
union of a sequence of closed intervals tending to a point, we construct a special basis in the space C*°[0, 1]
and then a basis in the space of C*° -functions on a graduated sharp cusp with arbitrary sharpness.

1. Introduction

The Grothendieck problem about the existence of bases in a nuclear Fréchet space was solved
in the negative by Zobin and Mityagin [21]. Still there is no example of a concrete functional
nuclear F-space without a basis. The space of C*°-functions on a sharp cusp has been considered
for a long time as a candidate for this role ([2], see also [20]). It should be noted that Domariski
and Vogt proved recently in [3] that the space of real-analytic functions on the open domain has
no basis, but this space is not metrizable.

If a bounded domain € RY has smooth enough boundary, then the space C*®({2) has
a basis. Mityagin proved ([12], L. 25) that the Chebyshev polynomials form a basis in the
space C*®°[—1, 1] (see also [8]); the case of domains with smooth boundaries was considered
by Triebel [16] and Baouendi-Goulaouic [1]; Zerner [20] did so for domains with Lipschitz
boundaries. The existence of a basis in the space C*°(£2), where  has a boundary of Holder type
was established in [13, 17] (see also [4]). Zeriahi in [19] found a basis in the space of Whitney
functions £(K) for a compact set K satisfying the Markov property.

In all these cases the space C°(£2) turns to be isomorphic to the space s of rapidly decreasing
sequences and the desired basis is the system of orthogonal polynomials in an appropriate Hilbert
space. In the case of domain 2 with a cusp (more sharp than Holder type) the spaces C ®(Q) and
s are not isomorphic and moreover a continuum of pairwise non-isomorphic spaces of this kind
were found in [14, 5] by the method of linear topological invariants.

Applying a modification of Mityagin’s basis construction in the space C*°(R) ([12], T. 15),
bases were constructed for C 1?,5’({_2), when Q € R?isa graduated sharp cusp [9], and for £F(K),
when K C R is the closure of a union of a sequence of closed intervals tending to a point [6].
The subscript F here means flat and corresponds to the subspaces of functions vanishing with all
derivatives at the point of the cusp of €, (respectively at the point of accumulation of the intervals
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of K). It should be noted that in the classes of spaces C %"(Q), Er(K) a continuum of pairwise
non-isomorphic spaces can be found as well.

New construction of a basis in the whole space £(K) was suggested in [7] for the compact
set K of above-mentioned type. The method works under some restrictions on K, but it can be
applied in two important cases: first, when the space £(K) is isomorphic to the space s and,
second, when there are severe constrains on the distances between neighboring intervals but the
only restriction on the sequence of interval’s lengths is its monotonicity. The last case is of
especial interest, because it contains a continuum of pairwise non-isomorphic spaces.

In the present article we construct a basis in the space C*°(Q), 2 is a plane domain of the
form of graduated sharp cusp with arbitrary sharpness of the spike. In the construction we use
a special basis in the space C*°[0, 1] (Section 3). The present basis can not be obtained as an
expansion of the basis in the subspace C ;"(Q) since this subspace is not complemented in the
space C*°(2) (see Remark 6.3 in [7]).

2. Preliminaries

Let Q@ ¢ R? be a bounded domain, K C R? be a compact set. We consider the space
C®(Q) of infinitely differentiable in Q2 functions such that the functions and all their derivatives
are uniformly continuous on the domain, and the space £(K) of Whitney functions, that is traces
on K of C*-functions defined on all space R?. The topology in the space C*°(2) is defined by
the norms

flp=sup{|fP@|:ze @ 1= p} peNo=10,1,..3,
where j = (j1, ..., jg) eNgand lil=Jj1+ ...+ ja.
In turn the norms in the space £(K) are defined by

(5,1 @)

— K i| <
T | D€ sz 20, lil=py s

IAllp = Lflp +sup

p € Ny, where Rzl:, f@ = f@ - Tzf) f(2) is the Taylor remainder. In what follows we will
consider only the casesd = l ord = 2.

The space £(K) is always nuclear as a quotient space of s. If the domain  is regular in
Whitney sense (for the definition see e. g., [10]), then the norms | - |, and || - || , are equivalent
and thus, C®(Q) ~ £($).

We use the Chebyshev polynomials
T,(x) = cos{n - arccos x), |x| <1, n e Np.

Let 7, be the Chebyshev polynomial considered on R and for fixed interval [y = [xg — 8, xx +
8] C K let T, denote the scaling Chebyshev polynomial, that is T,z (x) = T, ( _kx"), and let

T, be the restriction of T,,k on Iy, T, = 0 otherwise on K.

By &, we denote the functional £, (f) = % Jo f(xk + 8k cost) cos nt dt,
n € Ny (if n = 0, then we take 1 insteagi of 2 in the coefficient). Clearly, for fixed k the functionals
(&xx) are biorthogonal to the system (7p).

By | - |4 we denote the dual norm of a functional in the corresponding space. We adhere to
the convention that 00 = 1.
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3. Special basis in the space C*°[0, 1]

Let us fix a compact set K = {0} U U,fil I, c [0,1], where I} = [ag, bx] = [xx —
8k, x¢ + 8] be such that §; | 0 and for some constant C one has x; < Cé, 8 < Cdi41 and for
hy = dist(Ig, Ixy1) let Chy > 8§, Yk. Without loss of generality we can take the compact set
K = {0} U2, [3 - 2%, 27%+1] the same as in [7], Section 6. Then the following functions
{e,,k};“;g?kzl form a basis in the space £(K). For I(k) = [k/4] (the greatest integer in k/4) let
enk = Tok 0.b K and ep; = O otherwise on K if n < I(k); enr = Tyx if n > I(k). The system

Ok
of functionals {nnk},ﬁgszl with

1k=D—1
Mk = &nk — Z Enk(€ik—1)ik—1, n <1(k); Mk = &nk, n = 1K),

=n
is biorthogonal to the system {exi}oog (-

In addition for i < n we have the following bounds [7]:

sup {| T+ v = xel < &) =m0 n e Mo 3.1)
|kl —g < C@B/m)™™ "9 n e Ny ; 3.2)

supHTn(,i)(x)‘ S0<x sbk} <672 n <1k ; (3.3)
nkl—g < C8{71 o < 10y . (3.4)

To simplify notation we use the same letter C for any constant which does not depend on n
and k.

We will extend the basis elements e, from K onto [0, 1]. In this way we obtain a continuous
projection in the space C°°[0, 1]. This idea goes back to Mityagin’s construction of basis in the
space C°(R) ([12], T. 15; see also [9]).

Let w; be a C*-function such that w; (x) = 1 forx <0, w;(x) =0forx > r and |w,|, <
Cp,t=P, p € Ny. Now let woi (x) = ws, (x —by) and for T = 8 - n72 let wur(x) = w(x — by)
if 0 <n <I(k), w(x) = wr(x — bp)[l — wr (x —ax + 1)1 if n > I(k). Clearly

lwoelp < C8 7, lomklp < C87n*?, neN. (3.5)

Define e = f‘nk - wug. Fix F € C®[0, 1]. Let f = F |x. Using the basis expansion
f =Y r1 Ym0 nmk([f) - enk we introduce the following linear operator

Q:C®[0,1]1 > CP[0,11: F > > 0k (f) - Euk -
k=1n=0

Lemma 3.1. Q is a continuous projection.

Proof. Since é,x|x = en, we see that Q(F)|g = f and Q is a projection. Let us show its
continuity. Given p € Ng let ¢ =2p + 3. Fix k > 4q.

For each polynomial P the Bemstein theorem (see e. g., [15]) implies

IP(x)] < |x +vVx2 = 1198 P sup{|P(x)| : x| < 1}, |x| > 1.
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For Chebyshev polynomials we get [T, (1+¢)| < (1+2/8)" T, (1) ife < 1/4and [T, (x)] <
e2n? for |x| < 1+ n~2. It follows that if dist(x, [;) < &n~? then

TRw)| < s (3.6)

Now we can estimate the norms of €,;.

Let at first 0 < n < I(k). Then &, = Ty for x < by; &u = 0 for x > by + &n~2. For
other x using the Leibnitz formula by (3.5) and (3.6) we get Ie(J)(x)l < Cn218 ], J € Np. Since

n <l(k) <k/4and & =2~ —k~2 we see that n/ < (Sk J, Taking into account (3.3), we obtain
the bound

lewl, < €827 3.7)

Clearly it is valid also for n = 0.

Let now n > I(k). Then €, = T on I and e, (x) = 0 for dist(x, Iy) > Sgn 2. In the
same manner we can see that

lénkl, < Cn*P8.” . (3.8)

To deal with |Q(F)|,, we use the following decomposition

oo Ik)—1
1Q(F))p < ZZ+Z Z o>+ Z Z 1k ()] - 1kl -
k=1n=0 k=ln=qg+1 k=4g+1 n=0 k=4qg+1 n=I(k)

Let us consider the sums above separately. We omit the subscripts of n,; and é,;.

For the first sum [(f)] - &, < Cll 4857~ < Cllfllg. ask < 4q.
For the second sum (3.2) and (3.8) imply

In(HI-1el, < C@E/mIn*? 8 Pl fllq
which is a term of convergent series due to the choice of g.

If now k > 4q and n < I(k), then by (3.4) and (3.7)
In(HI- 18], < 887877 i flly -

After summation over n we obtain /(k) terms of this type. Since [(k) < &, U the corresponding
series over k is convergent.

In the same manner it can be checked that the last double series converges as well.

Thus the operator Q is well defined and |Q(F)|, < C|| fl4. Using the Lagrangian form of
the Taylor remainders we have the bound

|(’9)” @) = |(=87)" o

< 2|f’ lx — yl9~"
q

for any extension f € C®[0,11of fand x,y € K, i <gq. Therefore, || fll; < 3|f|q for any
extension f and in particular for f = F. This gives the boundedness of the operator Q and
proves the lemma.
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Let Xy denote Q(C*°[0,1)), Xo = {F € C®[0,1} : supp F C U,fiz[bk,ak_l]}. Then
C*®[0,1] = X; ® Xg and (énk)iigf’k:l is a basis in the space X;. Let Py denote the following
projection: Pr(F) = F — Q(F) on [by, ax—1] and Py (F) = 0 otherwise on [0, 1]. Clearly,
Pr(C[0, 11) =~ C§°[br, ak—1], where the isomorphism is just identification of functions from
C5°lbk, ak—1] with their extensions on [0,1] by zero. Here and subsequently, Cg°la, b] denotes
the space of C°°-functions vanishing at the endpoints of the interval [a, b].

Consider the Hermite functions
_ n)
hy(t) = (—=1)" (2"n!) V2 174422 (e‘t2> ,teR nelNg.

They form a basis in the space S of rapidly decreasing on the line functions ([12], L. 27). The
operator f(t) > g(x) = f(tan(5x)) gives an isomorphism of the spaces S and C§°[—1, 1]

([12], L. 26). Therefore the sequence (fz,,k):io, where fi(x) = hn(tan(%z—)‘#‘;—‘)) for

by < x < ay—; and hp(x) = 0 otherwise on [0, 1], is a basis in the space P (C*[0, 1}).

The function F' — Q(F) is flat on the compact set K. Using the Taylor expansion of Py (F)
at ax— it is easy to see that for any g € Ny the sequence (| Pt(F)|g)72, is rapidly decreasing.
Therefore,

Xo = (82 P (C™10, 1),
and what is more, for any p € N there exists ¢ € N and a constant C such that

Pkl - |§nk|—q <C, Vn,k.

p

Here the system of functionals {4} is biorthogonal to {fnt} in the space C*°[0, 1].

Taking into account Lemma 3.1 we see that the system of elements €, fznk with the cor-
responding functionals 7,k, ¢,k satisfies the Dynin-Mityagin criterion ([12], T. 9, see also [11]).
Thus we have proved the following.

Theorem 3.2, The functions éuy, hy 141, 1 € No, k € N form a basis in the space C*°[0, 1].

4. Graduated sharp cusp

Let us fix a sequence (¥)7—;, ¥« | O and consider the step-function ¥ : ¥(x) = v if
ar < x < ag—1, k € N. Here we use notations of Section 3, ag = by = 1.

Let us consider the following domain
szl(x,y)eRZ: O<x<l, |y|<1//(x)] .

The spaces C°°(S_2,/,) and s are isomorphic if and only if there exists a constant M such that

Yy > 3£4 for all & ([4], T. 1.3). Moreover, by choosing the suitable scale of sequences (1//,&“)),;“;1
one can get a family having cardinality of the continuum of pair-wise nonisomorphic spaces of
this type (see [14, 5, 4]).

We will construct a basis in the space C °°(S_2¢) for the sharp cusp; we can assume that

Yr <82, keN. (4.1)

Letus denote by Ry, the rectangle Iy x [—v%, ¥l, by R,’( the rectangle [bx, ax—11x<[— ¥k, Yrl.
Let K ={0}U UZ‘;I Ry.
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At first we give a basis in the space £(K).

Let eppmi(x, y) = enk(x)Tm(%), ,n,me Ny, ke N. For f € £(K) let

Enmk(f) = //f(xk+8kcost Yy cost)cosnt cosmt dt dt

(here and in what follows instead of 4 we take 1 ifn =m =0or2ifnm =0, n +m # 0). Set
Numk () = Enmi (f) for n > I(k) = [k/4]. If n < (k) then let

4 T b4
Mk (f) = ;/ / l:f(xk + dg cost, Y, cos T) cos nt
0 0

-1
— f(xg—1 + Og—1COSt, YrcosT) - Zg(e) cos itil cosmtdtdr .
i=n
Here as in [7] we use the notation

Ik—1)-1

-1
DEE = D Emleir).

Lemma 4.1. The system of functionals (’inmk):?}noio, 4 18 total on €(K) and biorthogonal to
(enmk)f;,,oio‘kzl .

Proof. Let ’;‘(Y) denote the functional S(Y)(G) 2 foﬂ G cost)cosmt dt. If the func-
tton f € £(K) can be represented in the form f(x, y) = F(x)G(y), then, as is easy to see,
Nk () = Nk (F) Erfl},? (G). This remark and biorthogonality of the system {e,x, 77,4} imply that
of {€xmk, Mumr}- The property of being total can be proved in the same manner as in Lemma 3.2

in [7]. ]
Theorem 4.2. The system {epmk, ﬂnmk} _0 x—1 18 a basis in the space £(K).
Proof. According to the Dynin—Mityagin criterion and Lemma 4.1 it is enough to show that

for any p € N there exists ¢ € N and a constant C such that

lenmillp - |Mumkl—g < C, Vn,m, k. 4.2)

For given p let us fix g = 2p + 2, k; = 49 + 3 and natural m; > qS,;I/z. We decompose

N% x N into certain zones and give the estimations of the norms for given cases separately. To
simplify notations we use the same letter C for any constant which does not depend on 1, m and
k. The details are left to the reader.

Z0.n < gq, m < my, k < k,. Here we have only finite number of elements and no problem
with (4.2).

If n > I(k), then enmi(x, y) = Tu( _X")Tm(w ) for (x,y) € Ri.

If j = (1, j2) € N, ji <n, jo <m,then

(]) '—13 J1 T—z j2
nmk (Sk w.k :
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Here we have to take into account what term in the product above is larger and will separate
the cases when the inequality

n?  m?

- - 4.3
) ~ Yk “3)

holds.
Z1.1. n = (k) and (4.3) is valid (except the points from the zone Z0).

2\ P
Here flewntll, < C (%) -
Z1.2.n > 1(k), @3)isnot validand m > p => flenmell, < C (g—i)p

Z13.n > I(k), (4.3)isnot valid and m < p => [lewmell, < CY;™ ( 2)”_'".

L
Ok
Consider now the cases with n < [(k). Here

e = eumr(x,y) = Tnk(x)Tm (%)

for (x, y) € U;ozk R, and it is 0 otherwise on K. We conclude from (3.3) and (4.1) that
2N\ 12
i —1-2j (M -1, -l 2j
oz () sttt

if ji<n, p<m.
2

p
221 n <1, p<m => llewmill, < C87! (%) .

m
2220 <1(0), m < p < mAn = llewmllp <C8; P (52)" < Cy s O

223.n <1(k), m+n<p = leamellp < Cy ™80 7P

Our next objective is to evaluate the dual norms of the functionals 7,,.

Let the function g be r times differentiable on the interval / with length A. Then for the
best approximation to g by polynomials of degree < n on [ in the norm | - |o we have the following
form of the Jackson theorem (see e. g., [15], 5.1.5):

A r
En(g, 1) <C, (—) |g<’> n>r, (4.4
n

O K
where the constant C, does not depend on r, g and A.

Let us consider now all given zones in the same order. Fix f € £(K).

Z'1.1. n > I(k) with (4.3). Here

Mmk () = Enme (f) = ;42—/ [/ f(xg + o cost, P cosr)cosntdt] cosmrtdrt .
o LJo

Due to orthogonality we can subtract from f in the internal integral arbitrary polynomial Q,
(cost) of degree < n — 1. If we take the polynomial of the best approximation to f with respect
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to the first variable then we get by (4.4)

4 (T 8 9 8 \?
[Mamk (f)] < —/ Cq (—k_) 'flq dt <C (“k> ”f”q s
T Jo n

n—1
asn—12>gq.

Z'1.2. n > I(k), (4.3) is not valid, m > p. We apply the previous argument with the
polynomial Q,—; of the best approximation to f with respect to the second variable.

I m > g, then Ik (D] < € (£)" £

If p <m < gq,then

14
m—1

m—1
[Mnmi ()] < C( ) 1 lm—1 < C¥{ N1 flq

and that is enough for (4.2) since in the bound of [{e,n |, for this case we can replace m2P by a
constant.

Z'1.3. n > I(k), (4.3) is not valid, m < p. Here at first we take the Taylor expansion of f
with respect to the second variable:

4 T T l/,m
Emk(f) = — f(,',f')(xk + 8x cost, @) cos nt—~- cos™ T cosmt dt dt ,
T Jo 0 Y m!

0 € [V, Vil
Since n — 1 > g, we can apply (4.4) with r =g —m to fy(,'f)(-, 9):

st \4 "
SOV (;") 17l -

Sk

m @
I’/nmk(f)l =< ka n—

xq-mym

1
We now turn to the cases when n < I(k). Here the functional 7y, is represented by

4 T n
Mmk (f) = ) / / I:f(xk + 8 cos £, Yy cos T) cos nt
o Jo

-1
— f(xk—1 + 6g—1cost, Yrcost) - Zf(e) cosit] cosmrtdtdr .

i=n

We will use the bound (6.1) from [7]:

Ik—1)—1

D lemlen-l <&

i=n

Z2.1.n < l(k),m > p. If m > g, then we subtract from both functions above the
polynomials Q,;—1, Om—1 of the best approximation to the corresponding functions with respect

to the second variable. In both cases we get the bound | f — Qlp < C, (%’i)q [flg.asm—12>gq.

Therefore,
_ lﬁk)q
o <CsTH ).
[Nnmi|—g < k (m
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If p<m <q,then [numk(f)| < CY"8; | flm and

”enmkllplnnmk'—q < Clﬂ]zn_ptsk_2 <C,
by (4.1).

Z'2.2.n < l(k), m < p < m + n. First suppose that m + n > q. Then we use the Taylor
expansion of both functions with respect to y at 0 up to m-th degree and then expand the first
function at xj, the second term at x;_1 up to (g — m)-th degree. Since n > ¢ —m and { > n all
terms of the small degree will vanish after integration. From this we deduce that

- —— —m—1
amkl—q < COP [507" + 80750 < cypag

as 8k_1 = 28k-

Now we have the most difficult case: m < p < m + n < ¢. Take the Taylor expansion of
the functions with respect to y at O up to (¢ — n — 1)-th degree. Then

qg—n—1

4 T n ,l//S
Mmk(f) = — / / Z fy(f)(x;C + 8 cost, 0)—X cos® T cosnt
7<Jo Jo | oo s!

qg—n—1 s -1
— Z f;f)(xk_l +8k_1cost,0)1/f—:c coserE(e) cosit | cosmt dt dt + Remainder ,
s!

S=m i=n

where

4 T b 4 (-n) llfq n
Remainder = = f / fyf,]ﬁ,," (xx + 8k cost, B)) —= cos? ™™ r cosnt
0 0

(g —n)!
I)bq—n -1
- (Zf,,")(xk_l + 8k_jcost, bh) k cos? "¢ Z E(e)cosit | cosmrdtdr,
y g -m! &
01,6y € [—¥«, Yi]. The terms corresponding to values s = 0, 1,...,m — 1 vanish after inte-

gration. In Remainder we take the expansions of f with respect to x up to n-th degree at x; and
xi—1 correspondingly. Then

Remainder| < Cyi ™" [3,’; + a,’;_la,;l] flg < CUET"807 Y £, -

By (4.1), the product of this value with |le,mk || » is uniformly bounded, as is easy to check,
thus we can turn to the main part of the expansion of &,,,x(f).

Let g denote the function fy(f ) (-, 0). Then we get the following representation of Main part:

g—n—1

2 w]i b4 s b4
Z —— cos’ tcosmtiy2/m g(xx + 8 cost) cosnt
h 0 0

T s!
=m
-1

— g{(xk—1 + Sk—1c0st) Zé(e) cosit] dt} dr .

i=n

The expression in the braces is 77,4 (g). By Lemma 4.1 in [7]

k(@] = € [857° + (et = 50778 | lgllgs
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asn < g — s. This implies
—s—1
k() < CT 11 fllg

and we get the bound
g-—n—1

_ —s—1
|Main part) < C Z vest T g -

s=m

Clearly that the maximal term in the sum corresponds to s = m. Thus,
|Main part| < Cl/f,i"(sz_m‘lllf”q ,

1-2p+2 .
"8, PEEM in lenmk |l p due to the choice of g.

which is enough to neutralize the value v,
Z'23.n < I(k), m+n < p. All arguments of the case p < m + n < g can be repeated.

Thus for the system {enmk, nnmk}z?y},oi(), 41— We have the Dynin-Mityagin condition (4.2),
and the proof is complete. []

We are able now to construct a basis in the space C °°(S_2,1,). The result follows by the same
method as in the construction of the special basis in the space C°°[0, 1]. Using the same notations
as in Section 3 we introduce

Enmk (X, y) = en () Ty (i) , (X, y) ey
Vi

For given F € C °°(S_2,/,) we consider the restriction f of F on K as an element of the space

E(K). The derivative é,(j{‘) (x) has the same (up to a constant) upper bound as e(] l)(x) due to the
choice of the smoothing functions w,k. Therefore the projection

[o oRENNe SR o o]

Q:C®(Qy) > C®(Qy): Fro Y D3 numklf) - énmi

k=1 n=0m=0

is well defined and continuous.

Now let ¥; = Q(C®(Qy)), Yo = {F € C®(Qy) : suppF C U, R,}. Then
C®Qy) =71 @ Yo and (e,m,k) _0 x—1 i @ basis in the space ¥;. Take the projection:
P(F)y = F — Q(F) on R and 0 otherwnse on Q,/,. Here Pk(C°°(Q¢)) ={F e C°°(S_2,/,) :
supp F C R,’c} = C(‘)’°[bk,ak_1]®C°°[—wk, Yr]. Arguing as in Section 3, we can see that
the functions (fznmk)°° where Apmi (x, y) = ﬁ,,k (x)Tm(%), form the basis in the subspace

n,m=0’

Pk(C°°(S_2,1,)) of the space Yy and
Yo = (82, P (C* (),
Arguing as in the proof of Theorem 3.2, we have the following theorem.

Theorem 4.3. The functions é,my, Bn,m,k+1s n,m € Ng, k € N form a basis in the space
C®(Qy).

Let us note that the space Xg in Theorem 3.2 is isomorphic to s (see e. g., [11], Proposi-
tion 31.12). On the other hand, for the present case we have the following.
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Proposition 4.4, The spaces Yy and s are isomorphic if and only if for some constant M

Vi >8M, keN. 4.5)

Proof.  Suppose that ¥y ~ s and therefore the space Yy belongs to the class D [18] or has
the dominating norm property DN (see e. g., [11]), thatis Ip : Vg Ir, C

\flz < CIfIp\flr. f € Xo, (4.6)
where p,q,r € Ny, C > 0.

Suppose, contrary to our claim that there exists a subsequence (k;);°, with

Y, <8, €N,

Let p € Ny be chosen from the definition of the class D). For ¢ = p+1 letr and C be fixed
from the definition (4.6). Let us consider the functions f;, [ € N with fj(x, y) = yZwor(x).

Then, as is easy to check, |fil, < Cyy 8", | fil, < C5{,r+" and |fil, > |(f,);‘g’(o, 0} > 1.

Using the supposition about v, we obtain

I+g—r—
1< A2 < ClAilpl filr <C87TP,

which is a contradiction for large 1.

For the inverse implication we see that (4.5) implies the isomorphism C °°(S_21/,) =~ s. There-
fore the space Yy can be considered as a complemented subspace of s. On the other hand,
Yo contains a complemented subspace which is isomorphic to s (for example, the subspace
P (C °°(S—2,1,)) for any fixed k ). Using the Pelczysiski-Vogt decomposition method (seee. g., [11],
L. 31.2), we get the desired conclusion. L]
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